The use of computer simulation techniques is now a fundamental part of the design process for electrified railways and at the feasibility stage clients will often request detailed calculations to be performed for the basic design. This will establish a level of confidence in both the project and basic design parameters that will justify the capital expenditure further on in the project life-cycle. This paper will address how the total impedance of a railway network may be represented, where the impedances of the traction return circuit and traction power system are either combined together to form one impedance or studied independent of one another. The accuracy of the modelling in this manner, particularly how it affects the accuracy of rail voltage results shall be assessed. It will also examine how much impedance is typically in the rails and what proportion this needs to be before it has an unacceptable effect on the numerical results. To assess this, a range of proportions will be studied, for example 70% of the total impedance to be modelled in the conductor with 30% modelled in the rails, 60%/40%, etc. In this way, a proper scientific assessment of the combined or split calculation methods can be made via simplified case studies.
Introduction
DC electrified railway systems across the world are growing, both in passenger and freight traffic, as an alternative solution to increasing road congestion. DC electrified railways account for approximately 50% of electrified railway lines throughout the world [1] . This growth may be in the form of new build railway systems or the upgrade of existing railway systems and is inclusive of metro, tramway, light rail and heavy rail systems. However this growth has to be managed to ensure that the proposals for an improved infrastructure are designed both safely and correctly and that the design delivers value for money. Computer simulation is the tool that many consultants and manufacturers, associated with the rail industry, are using to evaluate proposals and validate final designs prior to the launch of the project and any major capital expenditure. The use of computer simulation techniques is now a fundamental part of the design process for electrified railways and at the tender stage clients will often request detailed calculations to be performed for the basic design [2] . This will establish a level of confidence in both the project and basic design parameters that will justify the capital expenditure further on in the project life-cycle.
DC railway modelling and simulation
Modelling and simulation are the names we use for applying the laws of physics and logic via the processing power of computers to predict the behaviour and performance of railway infrastructure [2] . The various levels of engineering modelling and simulation with respect to the DC railway may be considered as; timetable and operational planning, train performance and signalling, traction equipment and the power supply system. These engineering levels are not considered to be exhaustive but what is important is the power system supply, as this paper is primarily concerned with the modelling of the power system for the DC railway.
The DC railway 2.1 Operational functions
The DC railway usually has the primary operational function of passenger transportation, whereas the AC railway has the dual operational functions of passenger and freight transportation. However the DC railway may also be used within the mining industry, as well as freight transportation [3] , so it may be considered to have dual operational functions also. However, for the purpose of this paper the DC railway shall be considered as predominantly suburban railways often referred to as transit systems. Transit systems may be classified based upon the demand for traction current from the power system. For example, a metropolitan railway (metro) may be considered to be a mass transit system as there will be more trains carrying more passengers with short headways between trains and therefore a large demand for traction current from the power system. Conversely, a tram railway may be considered to be a light rapid transit (LRT) system as there will be less trams and also less demand for traction current from the power system than the mass transit system.
Either of these systems may utilise an overhead line or third/fourth rail feeding arrangement. The following DC traction supplies are commonly used [4] :
• 3000 V (overhead line) • 1500 V (overhead line) • 750 V (third rail and overhead line) • 630 V (third and fourth rail)
Components of the DC railway
The DC electrified railway comprises of many interacting variables or components. These variables are usually contained within sub-systems such as; civil engineering, permanent way, electrification, signalling, tele-communications, rolling stock, station services and third parties outside the railway environment. Whilst this list is typical (non-exhaustive), all of these variables must be considered both individually and interacting with one another during the design process of a railway system. However, for the purpose of this paper the components that are of most concern are; • Electrification • Rolling stock • Signalling
Other considerations for modelling
In studying the DC railway power system, there are two further technical problems that need to be included in the circuit model of the DC power system. Firstly, there is the variation of rail voltage with respect to the train operational timetable and secondly there is the magnitude of stray current with respect to the train operational timetable. The DC railway represented in a single line diagram. Figure 1 shows a typical two track DC railway with one feeder station with a primary voltage of 33 kV AC and a secondary voltage of 11 kV AC. The 11 kV AC is then rectified and an output voltage of 750 V DC is produced which in turn will power the rolling stock on the rail network. The rolling stock will draw traction current from T2 and will return traction current through R2. However not all of the traction return current will return through the running rails and this may be due to the earthing and track bonding arrangements associated with the DC railway.
DC railway operation
3 Choosing the model and method
The basic model
There are many methods available to us in solving the power system model of a DC railway. Examples of these may include multi-conductor modelling, finite element analysis or transmission line theory to name but a few. However, given the nature of the DC railway, the power system model may be considered to be dynamic, i.e. the electrical load changes with demand and with multiple electrical loads, i.e. trains. Whilst these parameters may appear complex, the DC railway power system is easier to model than the alternative AC railway. This is because the effects of capacitive and inductive reactance in the equivalent steady state circuits may be ignored due to the general principles of DC circuit theory [5] . Applying this to figure 1 will give rise to the equivalent circuit shown in figure 2 , where Z c1 , Z c2 and Z c3 represent the impedance of the traction power conductor, whilst Z r1 , Z r2 and Z r3 represent the impedance of the traction return conductor. and the train may be modelled as an impedance (Z t ) that is dependent upon whether the train is motoring, coasting or braking. Figure 3 now shows two cases of the simplified circuit, with the Thévénin equivalent voltage source representing two electrical substations and a single train represented by an impedance somewhere between the two electrical substations. The circuit shown to the left of figure 3 represents the DC railway where the traction power and traction return conductors are split from one another, whilst the circuit to the right shows them combined. The circuit to the right suggests that the DC railway power system model may be solved as a simple DC circuit, using short transmission line theory [6] .
Figure 3:
Simplified electrical circuit of a DC railway. Figure 4 :
Developing the combined impedance model. 
Representing the traction return conductor in the combined impedance model
where 'n' is equal to the total number of traction return conductors in the circuit. However, considering the configuration to the right of figure 4 , the equivalent impedance of all the return paths combined will be expressed as:
where T is the number of trains present. However, because the number of trains present between electrical substations and on different tracks varies, this will be difficult to program in a computer simulation tool. The equivalent impedance of all the return paths combined may be expressed as an alternative to equation 1 by
This paper will assess which the accuracy of modelling the equivalent return rail impedance as either equations 1 or 3 for a number of tracks, as these are feasible methods that may be used by computer simulation tools. Figure 3 may be solved via a number of well known network analysis techniques such as mesh or nodal analysis [5] . For simple circuits such as that shown in figure 3 where there is only 1 train present, the solution may be solved by deriving linear equations and solving them as simultaneous equations. If the circuit contains more electrical loads, it is better to solve the circuit via a series of linear equations represented in matrices where the general equation may be given as
The method
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The computational efficiency of the numerical procedures undertaken by both mesh and nodal analysis may be measured by counting the number of numerical operations (OC) i.e. multiplication, division, addition and subtraction for each equation 'N' to be solved, i.e. 'N' is equal to the number of nodes in the circuit or the number of loop currents in the circuit, dependent upon the network analysis technique chosen. This may be defined as [ Table 1 shows the difference in operational counts taking into account the simplified models shown in figure 3 . Table 1 illustrates that nodal analysis has a much lower OC when 4 or more linear equations are required to be solved. This can be attributed to the fact that in nodal analysis, each node represents an equation and one node has to be set to zero. If using mesh analysis, each loop current represents an equation and each and every loop current must be used. This means that for an equivalent circuit that requires 4 or more equations to be solved, mesh analysis will always have one more equation to be solved than nodal analysis, thus meaning that nodal analysis is the more efficient method.
Injecting train currents
If the combined impedance circuit of figure 3 is used to solve the power system then it presents us with a problem as the technical issues cited in section 2.3 are not represented in the model, whereas the rail voltage is represented and calculated directly in the split impedance model. This problem may be overcome by either including these parameters in the model for real time simulation or they can be accounted for in a post processing program, i.e. a separate program that operates on the results from the initial simulation [7] . This may be done by injecting the train currents (I t ) into a homogenous rail. The ground impedance (Z e ) is represented as a lumped parameter that ignores the effect of ground capacitance, because any reactive component represented by the ground will be so small that it can be ignored [4, 8, and 9] and in any case is only relevant for transient conditions, as is shown in figure 5 . The current flowing in the earth (I e ) represents the stray current and this may also be studied as part of the post processing program.
Figure 5:
Post process injecting train currents model.
Case studies
The theoretical analysis of railway modelling techniques discussed in section 3 may be applied to the practical railway, where numerical analysis can be applied to ascertain the accuracy of modelling between the split impedance method (with the traction return path impedance modelled as per equation 2) and the combined impedance method with the equivalent traction return path impedance modelled as per equations 1 and 3. The network analysis technique chosen was nodal analysis as this calculates the train voltage directly and is considered to be more efficient than mesh analysis, as defined in section 3.4. The following railway types have been identified as case studies;
• 1500 V DC Overhead Line Railway (OHL) • 750 V DC 3 rd Rail Conductor Railway • 750 V DC Overhead Line Railway Practical traction return circuits, traction power system and voltage source impedances have been used in the case studies. A range of proportions have been studied, for example 60% of the total impedance to be modelled in the traction conductor (α) with 40% modelled in the rails etc., where the summation of the traction powers system and return circuit impedances is equivalent to the loop impedance Z L . Each case study includes six traction return circuit with up to six trains present, i.e. one on each track.
Calculating the error
The train voltage may be expressed as a percentage of the supply voltage derived by the electrical substation. This may be expressed generally as; (6) where V train is the train voltage and Vs 1 is the electrical substation voltage. Equation 6 will satisfy both the split and combined impedance analyses. The error in train voltage calculation may be expressed as; % % combined split Vt Vt error − = (7) where Vt split is the result of equation 6 for the split impedance model and Vt combined is the result for the combined impedance method. A back calculation may be performed using the result of equation 7 to calculate the error in terms of voltage magnitude if required, as shown in equation 8. Table 2 shows the percentage error (%) in train voltage calculation, using equation 7.
Summary of results
Discussion and conclusion
Discussion
The results in academic and is used to define a utilisation factor of the traction return circuits, although in reality the number of trains may vary. This now shows that the error is lower when using equation 1 to derive the equivalent traction return impedance. However, whilst the error is acceptable for the overhead line railways, it is not so for the 3 rd rail railway. The impedance is too low in the traction power conductor, allowing a large voltage drop to occur between the train and the electrical substation, mainly due to the high values of current drawn by the trains. Furthermore, the impedance in the traction return circuit is more dominant and the inconsistency in the assumptions of equations 1 and 3 suggest that this impedance must be modelled accurately, i.e. as per equation 2 and the split impedance method. Therefore this type of railway should be modelled as a split impedance railway, such that the train and rail voltages are calculated correctly. Furthermore, it is noticeable that the magnitude of percentage error increases as the number of tracks occupied increases. This must also be considered when deriving the power system model, with respect to split or combined impedance method.
Conclusion
The case studies confirm that the most efficient method for solving the power system model is to combine the traction power and return conductor impedances such that the OC of the circuit is reduced to as low as reasonably possible. This will allow post process simulation of the data obtained from the real time solution and allow effective management of the computing overhead that is always the fundamental driver with computational techniques and the desired accuracy. This statement is true, with the exception of the 3 rd rail traction conductor railway, where the most appropriate method would be to model the impedances of the railway separately.
